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LETTER TO THE EDITOR

Antipercolation and site-bond Potts model in the g =1
limit

Loic Turban
Laboratoire de Physique du Solidet, ENSMIM, Parc de Saurupt, F-54000 Nancy, France

Received 18 October 1982

Abstract. The g =1 limit of a site-bond g-state Potts model is shown to be related to the
antipercolation problem, i.e. to the statistics of clusters built of alternately black (occupied)
and white (unoccupied) sites.

In the site percolation problem, the sites on a lattice are independently occupied
(black) with probability p, or free (white) with probability 1 —p (Shante and Kirkpatrick
1971, Essam 1972, 1980, Stauffer 1979). A cluster is a set of black sites connected
by the lattice edges. This problem may be formulated as the g =1 limit of a Potts
model (Potts 1952) with multisite interactions (Giri et al 1977, Kunz and Wu 1978,
Lubensky 1979, Wu 1982). In the antipercolation problem (Seviek et al 1983) a
cluster is a set of alternately black and white sites connected by the lattice edges
(figure 1(h)). On alternate lattices, changing the colour of one of the sublattices, we
recover a site percolation problem with different site occupation probabilities (p
and 1-p) on the two sub-lattices and the Potts model formulation is trivial. In this
letter we present a site-bond Potts model formulation of the antipercolation problem
which is valid on any lattice, alternate or non-alternate.
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(a) (b)

Figure 1. Antipercolation on the triangular lattice: (a) A graph ¢ on the lattice £; stars
with z occupied bonds (heavy line) are centred on black (occupied) sites, First-neighbour
sites are linked by a double bond when both are black, a single bond when only one is
black; they are disconnected when both are white. () Antipercolation cluster correspond-
ing to the graph of figure 1(a).
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Let the g-state site—bond Potts model be defined by its complex Hamiltonian:

-BH =Y ln[l —-p+p exp(iz—” Z ri (o —a'j))] +H Z G8o0—1) (1)
1 q IJN i
where the sum over / runs over the N sites of the lattice #, and the sum in the
exponential is over the z first neighbours j of site i; a g-state Potts variable o; =
0,1,...,q—1is associated with each site, and another g-state Potts variable r; =r; =
0,1,...,q9—1 is associated with each of the E = Nz/2 edges of the lattice £. H is
an external field favouring the state oo, § is a Kronecker delta function and p is
the black site occupation probability.
The Hamiltonian possesses the following symmetry:

-B¥X(p)* =—BH(1-p). (2)
The partition function is real and reads
Zn(q;p, H)
=q"" Tr exp(—B%)

=47 expl(q ~ UNH] Tr exp(aH T (6,0~ 1)) Tr [

2
X[l—p+p exp(l—z z r,'j(ai—o';))} (3)
1 NN
which is invariant under the change p » 1-p.
Expanding the last product, to each of the 2" terms in the expansion corresponds
a graph ¢ on Z. A factor 1—p corresponds to a white site and a factor p to a black
site on ¥; a factor expli(27/q) ;) 1 (o — ;)] is associated with a star centred on
site { with z occupied bonds linking the black site i to its z first neighbours (figure
1(a)). When they are first neighbours, black and white sites are connected by a simple
bond, whereas two black sites are connected by a double bond and two white sites
are disconnected. To a simply occupied edge (ijj) corresponds a factor
expli(2w/q)ri(a; — )], whereas to a free or doubly occupied edge (if) corresponds a
factor 1 since in the last case the exponential enters the product with a plus sign
through site / and with a minus sign through site ;.
Summing over the edge Potts variables {r} and making use of the identity
! 27
5, e (%7 (o ~0)) =0, (4)
we get a factor g for each edge and a factor 8., for each simply occupied edge. The
partition function may then be rewritten as

Zvia;p, H) =expllq ~ONH) T_P& Trexp(aH T @00= 1) 160 5)
s o i i
where the last product is over the simply occupied edges of ¢ and
P(g) — (1 _p)N—Ns(@)pNs(g) (6)

is the probability of occurrence of graph ¥, N.(¥) the number of occupied sites on 4.
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Summing over the site Potts variables {o} leads to a factor 1+(q — 1) exp(—qHn,)

for each connected part (cluster) with #; sites of ¥, isolated black or white sites building
single site clusters. Equation (5) then becomes

Zn(q;p, H)=expl(q —1)NH] ‘gng(Qg) T1I1+(q—1) exp(—qHng)) V" N

where N¥ (%, n,) is the number of clusters with #; sites on 4.
Let the free energy per site be defined as (H >0)

1 InZx 1 dlnzy
fiH)= h-?f}o}zl-r»l}N g-1) Pll o N g lg-1
=H +Y *(n,) exp(—Hn,) (8)
where ,
H(ng) = gZzP(fg)fI{(fg, ns) 9)

is the mean number of clusters with n, sites and the prime indicates that the sum is
only over finite clusters since infinite clusters contributions in equation (8) vanish in
the thermodynamic limit when H > 0.

It follows that

Jim fH)=Y' H(ny) (10)
is the mean number of finite clusters per site;
. Of(H) _ p@
Jim, == 1=1 K (nna= P (p) (11)

is the antipercolation probability, i.e. the probability for any site (either black or
white) to belong to an infinite cluster. Finally

i ST :
Jim o= A (nn? =5p) 12)

gives the mean square finite cluster size.
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